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A STUDY OF THE TORQUE EQUILIBRIUM OF AN AUTOGIRO ROTOR
By F. J. BAwLEY, Jr.

SUMMARY

Two improrements have been made in the method de-
teloped in N. A. C. A. Reports Nos. 487 and 691 for the
estimation of the inflow velocity required fo overcome a
given decelerating torque in an aulogiro rotor. At low
tip-speed ratios, where the assumptions necessary for the
analytical integrations of the earlier papers are ralid, the
cxpressions therein derived are greatly simplified by com-
bining and eliminating terms with ¢ view fo minimizing
the numerical computations required. At high tip-speed
ratios, by means of charts based on graphical inlegrations,
crrorg inherent in the assumptions associated with the
analytical method are largely eliminated.

The suggested method of estimating the inflow velocity
presupposes a knowledge of the decelerating torque acting
on the rotor; all arailable full-scale experimental informa-
tion on this subject is therefore included.

INTRODUCTION

The results reported in reference 1 showed the agree-
ment between the calculated and the experimental
values of the forces and moments on an autogiro rotor
to be unsatisfactory at tip-speed ratios greater than 0.3.
An attempt to isolate the sources of the disagreement
was made by comparing values of the analytically inte-
grated expressions for thrust and accelerating torque
from reference 1 with values obtained by graphical inte-
gration of the elemental forces. This comparison indi-
cated that the simplifications introduced in reference 1
to make possible the analytical integration of the basie
expression for accelerating torque are not valid at high
tip-speed ratios. Consequently, the relation therein
given between accelerating torque and inflow velocity
results in an erroneous estimation of the inflow velocity
required to overcome 2 given decelerating torque at
high tip-speed ratios. Because the value of the inflow
velocity so estimated must be used in caleulating all the
rotor forces and moments from the other expressions of
reference 1, this error introduces corresponding errors
into the predicted values for all the various items con-
stituting the rotor performance.

In the present paper an attempt is made to establish
a more satisfactory method of expressing the relation
between the accelerating torque and the inflow velocity,
so that the inflow velocity required to overcome a given

decelerating torque at high tip-speed raotios may be
readily estimated with an accuracy comparable with
that previously attainable only at low tip-speed ratios.
At the same time, the original method of estimating the
inflow velocity at low tip-speed ratios is simplified by
regrouping the terms in the torque equation in a
manner designed to eliminate most of the tedious
numerical computations previously required.

The method given presupposes a knowledge of the
decelerating torque arising from the drag of the blade
elements. Consequently all available full-scale experi-
mental information on this subject is included as a
guide to the designer until such time as a satisfactory
method is devised for predicting decelerating torque
from blade airfoil characteristics.

ANALYSIS
GENERAL

The values of the expressions for the forces and
moments on an autogiro rotor, as derived in references
1 and 2, are all critically dependent on the mean value
of the inflow velocity through the rotor disk. Any
attempt to predict the performance of a particular
rotor therefore requires, first, an accurate determina-
tion of the inflow velocity necessary to maintain steady
autorotation of the rotor under the given conditions.
If use is made of the physicel requirement that the net
torque on the rotor must be zero in steady autorotation,
the estimation of the inflow velocity may be accom-
plished in two steps: first, the estimation of the decelerat-
ing torque on the rotor due to the profile drag of the
blade elements; and, second, the estimation of the inflow
velocity required fo generate in the rotor an accelerat-
ing torque just equal to the estimated decelerating
torque. The present paper being primarily concerned
with the prediction of the inflow velocity when the
decelerating torque is known, the second of these steps
will first be considered.

Throughout the following analysis it will be assumed,
as in reference 1, that the inflow velocity is uniform over
the disk area and that the contribution of the radial-
velocity components to the elemental forces is negli-
gible. The notation used is identical with that of refer-
ence 2; for convenience, however, a list of symbols and
their definitions has been included.
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SYMBOLS AND DEFINITIONS

Q, rotor angular velocity, radians per second.
R, blade radius.
V, forward speed.
e, rotor angle of attack, radians.
'speed of axial flow through rotor.
component of forward speed in plane of disk.
b, number of blades.
¢, blade azimuth angle measured from down
wind in direction of rotation, radians.
¢, blade chord,
B, tip-loss factor. )
2R, radius of blade element.
urQR, velocity component at blade element per-
pendicular to blade span and parallel to
rotor disk.
velocity component at blade element per-
pendicular both to blade span and to urQR.

upQR,

Up
=tan~! —
¢ Pk

a, slope of lift coefficient against angle of attack
of blade airfoil section (radian measure).
2, rotor torque.
@2, accelerating rotor torque.
e, decelerating rotor torque.

o @
O Qe
T, rotor thrust.
T
0T=p92‘n'.R" . -
o, solidity, ratio of total blade area to swept-
disk area, be/zR.
8y, blade pitch angle at hub, radians.
¢, difference between hub and tip pitch angles,
radians.
8., equivalent constant pitch angle, radians.
coefficient of cos ny in Fourier series express-
ing blade flapping angle, radians.
b,, coefficient of sin ny in Fourier series express-
ing blade Sapping angle, radians.
e, coefficient of cos ny in Fourier series express-
ing periodic blade twist angle, radians.
na, coefficient of sin ny in Fourier series express-
ing periodic blade twist angle, radians.
I, mass moment of inertia of rotor blade about
horizontal hinge.
-
ﬁf W

mass constant of rator blade,

weight moment of blade about horizontal
hinge.

ACCELERATING TORQUE

The basic expression for the aceelerating torque on
an autogiro rotor is

b 1
Qa=
By deﬁnition

°R*2A¢2uT2OL C—OS% Az
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Qu=Ci,p R
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and

Then

Co, 1/1 &= B sin ¢

we=ala SO e
The indicated summation may be performed analyt-
ically on the assumptions that Cg varies linearly with
angle of attack of the element, regardless of the megni-
tude of this angle, and that the angle ¢ is always so
small that the sine, tangent, and angle are interchange-
able. This integration has been covered in reference 1
for blades having a constant twist and has been extended
in reference 2 to cover the more general case in which
the blade twist varies periodically with the azimuth
position of the blade. The final expression is:

t)
7!=%{R2<%Bg—-‘1£pz)+7\(%603‘-{-&_#339-%—;91])“
+ 3—12#491)"' 2Ny (%Bz— 'g'l-lz)'!“ ag? (‘_.‘i‘#’lp—‘ilﬁl-“)
L e B ta ?(1 S =B=)+b=(1 ol 21;')
gkt A g8+ g A ERST

—_ a2<'41:‘[12a032+ %ﬂblBs) +']—.a2’B‘

(2)

b4 0B {5 B SuB )b
| +eo(4w*+ 12#’6233+39#‘7\)
+ e — quacB'+ [EB5+T§M*B“:|—éua,B’)
+%n1<%yw—all:éB5——]%u’B°]—}-{mbglf‘)
+3e( JraB+ 30°)

‘["%’h‘(—%#’auw ‘|‘Zlﬂbe4 ""%“235)} @)

When this expression is compared with equation (35)
of reference 2, it must be remembered that the ferm

4% 1+,u2— )m equation (35) of reference 2 i3 in

reality ZOQd/cra. This quantity will equal 2C, /a'a in
steady autorotation. Consequently, Cqfo will be af2

times the sum of the remaining terms in equation (36)
of reference 2.

Expressions for the Fourier coeflicients of blade
flapping, also derived in reference 2 (equations (22),
(23), (24), (27), and (28)), are:
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Substituting from equations (4), (5), (6), (7), and (8)
into equation (3), retaining only terms of the order of
ut or lower, and regrouping
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where the coefficients K, to Ky, for which complete
expressions are given in the appendix, are functions
of i, B, and v only.

The magnitudes of the coefficients K, to Ky, are such
that, when a value less than 0.01 is assigned to Af/L,2%,
the resulting contribution of the terms involving these
coefficients to (g, [ is negligible over the entire range
of tip-speed ratios. The influence of ¥ on (g /o is also
of a secondary nature; comparison of values of the
coefficients K, to Kj; for y=0 with those for yv=15 in-
dicates that no appreciable error will arise from the
use of a value of y=15 for any conventional rotor at
any attainable altitude. Inasmuch as the chord-span

(9)
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ratio of the blades used In present-day rotors varies
only within small limits, it is possible to assign arbi-
trarily a value of 0.970 to the tip-loss factor B with the
assurance that only minor departures from the recom-

mended value of 1—%1% (reference 1) will result.

By the use of the foregoing values for ¥ and B with
extreme values of tip-speed ratio, pitch, twist, and
inflow velocity, it can be shown that the terms involving

Km, Kn, Km, Klg, I{zo, Kgg, and I{gg are negﬁgible. Oof
the remaining coefficients, Ky, Ky, Ky, Kis, Bz, Kis,

and K, are merely constants multiplied by p?; whereas,
K; to K, involve two or more powers of x.
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Expression (9) may then be reduced to

Cq,
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Values of coefficients K, to K; may be found directly
from figure 1 or for specified tip-speed ratios from
table 1.
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Substitution of numerical values for the pitch setting
and twist coefficients in equation (10) results in a
quadratic in A that may be solved for \ at any given
value of Cg, /o’

For rotors in which the pitch is constant along the
radius of the blade and does not vary with azimuth
position of the blade, equation (10) reduces to the form

C_“_ {K1R2+K207\+K492} (1)

At tip-speed ratios above 0.4 with low pitch settings
or above 0.3 with very high pitch settings, equations
(9), (10), and (11) are inaccurate. The omission of
terms of higher order than x* becomes questionable and
the overestimation of the lift .coefficients of the stalled
elements introduces a very serious error. Errors aris-
ing from the assumption that the angle ¢ is small are
also too large to ignore. Consequently, some other
method of integrating the basic expression must be
found to extend the relation between torque and mﬂow
to higher tip-speed ratios. .

Reference to equation (2) shows that the 1nd1cated
summation may also be made by evaluating the torque
for 8 series of elements throughout the disk and inte-
grating graphically over the disk area. This summation
is accomplished for any combination of tip-speed ratio,
pitch setting, and inflow velocity by first calculating u»
and ur, the perpendicular and tangential components,
respectively, of the velocity relative to each chosen
element. The angle ¢ of the resultant velocity at each
element to the plane of the disk is then tan™! upfus.
Adding to ¢ the angle 8 of the chord of the element to
the plane of the disk, as defined by 8, 6;, &, &, m, €,
and 7,, gives the angle of attack of each element. From
a lift curve of the airfoil section, the corresponding lift
coefficient of the element is determined. Where u, is
negative, the use of
the effect of the reversed flow over the blade in the same
manner in which this problem was handled in the ana-
lytical expressions of references 1 and 2.

For rotors without blade twist, a sufficient number
of graphical integrations of this type have been carried
out to permit the construction of the charts of figure 2
from which the value of \ corresponding to a given
Cq,/o may be directly determined. Because accelerating
and decelerating torques are equal in steady autorota-
tion, the subscript has been omitted from the torque
coefficient in figure 2. Comparison of the values of A
given by the charts with those obtained from the ana-
lytical expression (11) at the same Cy /o will demon-
strate the error in expression (11). As in the analytical
expression, values of y=15 and B=0.97 have been used
throughout the graphical integrations in the belief that
the generality of the results is not appreciably impaired
by these substitutions. A further limitation of the
generality of the charts, imposed by the use throughout
the graphical integrations of the lift characteristics of
the N. A. C. A. 0012 airfoil section, is not considersd

—¢—9 in place of ¢-4-8 allows for
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serious because only small departures from these char-
acteristics are to be expected in blade sections commonly
used for rotors at the present time.

Obviously, it is impossible to supply charts covering
all possible combinations of fixed and varying twist.
It is reasonable to believe, however, that equations (10)
and (11), although quantitatively in error as to the
total accelerating torque produced by a given inflow
velocity, correctly express the relative merit of rotors
with and without twist as torque-generating devices.
This belief amounts merely fo the assumption that the
percentage error inherent in the analytical method is
the same for rotors with twist as for those without twist.
Hence, itrshould be satisfactory at high tip-speed ratios
to use equations (10} and (11) solely as a means of
determining, for any rotor with twist, the piteh of what
may be termed an ‘“‘equivalent’” constant-piteh rotor,
that is, a rotor with no twist capable of generating the
same accelerating torque at the same inflow velocity.
The charts (fig. 2) for constant-pitch rotors may then
be used to find the true value of the inflow veloeity for
the equivalent constant-pitch rotor, and the value so
found may be considered to apply also to the original
twisted rotor. In detail the procedure is as follows:

1. Substitute values for Cq /o, a, u, K, to K, 6, 6,
€9y Ty €, 12, and solve equation (10) for X.

2. Using this value of A in equation (11), together
with the original value of g /o, solve equation (11) for
8. The value of # obtained is then the piteh of a con-
stant-pitch rotor capable of generating the required
torque at the same inflow velocity as the original rotor.

3. From the charts for constant-pitch rotors (fig. 2),
determine the true inflow factor X for a coustanti-pitch
rotor of pitch # generating torque Cy,/o. The value of
X for the original rotor is, by hypothesis, identical with
that of the equivalent constant-pitch rotor as found in
step 3.

DECELERATING TORQUE

It will be noted that, in order to estimate the inflow
velocity by the method of the preceding seetion, it is
necessary to know the value of the accelerating torque
Cq,fo. - On the strength of the plysieal requirement
that accelerating and decelerating torques must be
equal in steady autorotation, this quantity is normally
determined by estimating the decelerating torque on
the rotor from an integration over the disk area of iho
decelerating torque arising from the profile drag of a
blade element. Hence

Ca, _Coq % ( 21_“_ J;" v j; ;tf’c'n see W)

g a

The rigorous evaluation of the integral of expression
(12) is possible only by graphieal means because the
elemental profile-drag coeflicient C'p is a nonlinear func-
tion of both the angle of attack and the Reynolds Num-
ber at the element. Even then, uncertainty concerning
the value of Cp in the presence of high radial velocitics
or in the stalled portion of the disk makes the validity
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of the results extremely doubtful. Nor does there ap-
pear to be any merit in the idea of replacing Cp sec ¢
by & mean value & as was done in reference 1, so that

1 2= I 1 o 1
3z, d\[/j; ur*Cp sec qS;ra'.r:ﬁﬁ_J; d,lpj; T

()

or, when the effect of the reversed-velocity region is in-
cluded as in reference 1,

—sflyls 14

_5(4+4“ 32* )
because both graphical integration and experiment indi-
cate that the magnitude of § will vary with both pitch
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FiGURE 3.—Esperimental decelerating torque of the PCA-2 rotor.

setting and tip-speed ratio and hence will require em-
pirical information for its estimation. It seems fully as
desirable and much simpler to formulate the empirical
rules for the direct estimation of Cy,/e. Unfortunately,
the only reliable full-scale experimental information
available for this purpose is confined to a single rotor,
the PCA-2; and it is obviously impossible to establish
such rules with any degree of finality at the present
time. It does seem desirable, however, to study these
data rather thoroughly in an effort to develop & tenta-
tive method of estimating Cg,/o that may be expected
to be subject to only minor alterations as additional
data are accumulated.
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Experimental data on (s, from full-scale wind-
tunnel tests of the PCA-2 rotor, are shown in figure 3.
The velues given were obtained by substituting experi-
mental values of thrust and blade-motion coefficients in
the thrust-coefficient expression of reference 2 and solv-
ing for A. The value of Cy,/s, and hence of Cg,/q, cor-
responding to this value of A was then obtained by a
process the reverse of the one described in the preceding
section of this paper.

A comparison of the values of (o, /o given in figure 3
with the experimental values of the ratio C'z/s shown in
figure 4 reveals that, at any given tip-speed ratio, Co,fo
at all the piteh settings tested is almost directly pro-
portional to (pfe. The closeness of this relationship
is indicated in figure 5 where experimental values of the
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FIGTRE 4.—Experimental thrust coefictent of the PCA-12 rotor.

quotient C/Cr are plotted as functions of u for the pitch
settings given in figures 3 and 4.

From the designer’s viewpoint, the curve shown in
figure 5 provides a possible, although tedious, method
of estimating the performance of a new design. As the
various steps involved may not be instantly eapparent,
it seems desirable to outline briefly the recommended
procedure.

Normally, from considerations of rotor efficiency, it
is mandatory that the designer secure some definite
value of Crfe at & particular tip-speed ratio. From this
point, the problem becomes one of determining, first,
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the piteh angle required to satisfy this condition; and
second, the performance of a rotor of this pitch as a
function of the tip-speed ratio. On the assumption
that the geometric and aerodynamic characteristics of
the blades are known, the steps required in the solution
are as follows:

1. Compute (6;+e), m, & and 7, from the expres-
sions of reference 3, neglecting the influence of the A,
Bq, and (91"'60) terms.

2. From Crfs and s find Cg /e from figure 5.

3. Assume a series of values of 6, and, using Co /e
from step 2, find the corresponding values of A by the
method described in the preceding section of this paper.

4. By substituting values of A and 6, from step 3 into
the thrust expression of reference 2, ignoring the terms

.06
N

Q
5

N

3

8

Q
~

Q

v 4 2 4 5 .6
Tip-spéed rafio, it

F1GURE 6. —Experimental torque-thrust ratio, Cq/Cr, for the PCA-2 rotor.

Ratio of fargrue-coe)_“f‘/}:ien/ fo thrust Foefﬁcﬁ.‘em‘, (44

involving ¢; and b;, which almost cancel one another,
obtain Cpfe as a function of 6.

5. Fix g, at the value corresponding to the required
CT/ g.
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The twistcoefficients may now be recaleulated with-
out neglecting the N\, 6, and 6, terms and the entire
process repeated to determine more accurately the
required 8,. The change in 8, resulting from this second
approximation may be expected to be very small sinco
the twist coefficients are only slightly affected by inflow
velocity and pitch. The small change can probubly be
safely neglected except in unusual designs.

It will be noted, of course, that at low tip-speed
ratios, where equations (10) and (11) are valid, N may
be ohtained in step 3 as an analytical funetion of 6;;
this function may then be substituted into the expres-
sion for Cx/c in siep 4. The result will be a quadratie
in 8, that can be solved directly for 6, at the design
value of Cyfe. Although this approach appenrs, at
first glance, to be the more direct, in actual praetice it
will be found simpler to proceed as originally outlined,
even at low tip-speed ratios.

The performance of the rolor of piteh 8, at other tip-
speed ratios can be determined as followa:

1. Assume a value of Crfe at the new tip-speed
ratio. Figure 4 may be used as a guide to a reasonable
choice. S _

2. Obtain the corresponding Cy,/o from figure 5.

3. Calculate &, m, &, and g, for the new tip-speed
ratio by the method of reference 3, neglecting terms
involving A.

4. Degtermine N by the method described in the first
part of this paper.

5. Calculate Crfe from the thrust-coeffivient expres-
slon given in reference 2 and check against the value
assumed in step 1.

6. Repeat, modifying the assumed value until agree-
ment is obtained.

Laneiey MEMORIAL AERONAUTICAL LABORATORY,
NaTioNAL ApvisorY COMMITTEE FOR ALRONAUTICS,
Lancrey Freup, Va., January 10, 1938.



APPENDIX

Complete expressions follow for the coefficients K
to K appearing in equation (9). For convenience of
reference, the term to which each coefficient is attached
is given in parentheses immediately preceding the
expression for the coefficient.
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TABLE L—COEFFICIENTS K, TO K, OF ACCELERAT-
ING-TORQUE EXPRESSION FOR DIFFERENT TIP-
SPEED RATIOS

Co— Tip-speed ratlo,

clent 015 | 0.20 | 0.25 | 030 | 033 | 0.40 | 045 { 0.50 | 0.5 | 0.0
5| o.502 | 0.526 | 0.558 [ 0.508 | 0.048 | 0.702 | 0.760 | 0.850 | 0.628 | L.O17
K| .369 | .421] 40| .69 | .ceo| 824} .gs0) 1|1 1. 676
| (263 | .208| ‘356 | .420| 500 | .s08 | .7M4 | .54 | 1018 | 1210
Rl 022 cot0) coes| c100| 145 | 208 ( (36| .68 | 81| .818
K| c032| ‘osa| lo96| .146| .22 | 206} J403] .me6| .700| .000
K| coi2| Jom | ‘e3s| ios3| orr| Jlos| in7| t1es| (256 | .328
K| iu12] (156 | (206 o264 | 330 | 407 ) 456 | (ms | 70| .5%
| .oi2| os3| ‘0901 J1251 109 | -2 300! Lias| ms
K| .03t .of6) .oce| J00l| l128| 13| .mm| (2| me| .42




